
DOI: 10.1007/s10910-007-9239-5
Journal of Mathematical Chemistry, Vol. 43, No. 3, March 2008 (© 2007)

On the unified treatment of complete orthonormal sets
of functions in coordinate, momentum, and four

dimensional spaces and their expansion and one-range
addition theorems

I.I. Guseinov
Department of Physics, Faculty of Arts and Sciences, Onsekiz Mart University, Canakkale, Turkey

E-mail: isguseinov@yahoo.com

Received 26 September 2006; Revised 12 January 2007

The new formulas have been established for the expansion and one-range addi-
tion theorems for the complete orthonormal sets of functions in coordinate, momen-
tum, and four-dimensional spaces. These theorems enable us to derive the for-
mulas for the overlap integrals over STOS, Ψα-ETOs, Φα-MSOs, and Zα-HSHs
which can be useful in the study of different quantum mechanical problems in both
the theory and practice of calculations dealing with atoms, molecules, and solids
when the coordinate, momentum or four-dimensional spaces employed. This work
presents the development of our previous paper (I.I. Guseinov, J. Math. Chem., (2007)
DOI: 10.1007/s10910-006-9154-1).
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1. Introduction

In a previous paper [1], by the use of Ψα, Φα, and Zα basis sets, where α =
1, 0, −1, . . ., the expansion and one-range addition theorems were derived for
the complete orthonormal sets of functions in coordinate, momentum or four-
dimensional spaces. The aim of this work is to establish the new expansion and
one-range addition theorems using Ψ̄

α, Φ̄
α, and Z̄α basis sets which are ortho-

normal with respect to the functions Ψα, Φα, and Zα, respectively.

2. Expansion and addition theorems

In order to establish the formulas in the Ψ̄
α, Φ̄

α, and Z̄α basis sets for
the expansion and addition theorems of complete sets of functions in coordi-
nate, momentum, and four-dimensional spaces, we use the method set out in [1].
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Then, carrying through calculations analogous to those for the Ψα, Φα, and Zα

basis sets described in [1], we obtain the following results:

2.1. Expansion theorems

2.1.1. Expansion theorems for ETOs

Ψ̄
α∗
nlm(ζ, �r)Ψα

n′l ′m′(ζ ′, �r) = (2z)3/2
√

4π

n+n′−1∑

N=1

N−1∑

L=0

L∑

M=−L

B̄αN L M
nlm,n′l ′m′(η)Ψ̄

α∗
N L M(z, �r), (1)

where

B̄αN L M
nlm,n′l ′m′(η) =

√
4π

(2z)3/2

∫
Ψ̄

α∗
nlm(ζ, �r)Ψα

n′l ′m′(ζ ′, �r)Ψα
N L M(z, �r)d3�r (2a)

= (2L + 1)1/2C L|M|(lm, l ′m′)AM
mm′ B̄αN L

nl,n′l ′(η), (2b)

B̄αN L
nl,n′l ′(η) = N̄α

nl Nα
n′l ′ N

α
N L

×
q−p∑

s=0

q ′−p′∑

s′=0

Q−P∑

S=0

γ
p

qsγ
p′

q ′s′γ P
QS(l + s − α + l ′ + s′ + L + S + 2)!

×
(

1
1 + 1/η

)l+s−α+ 3
2
(

1
1 + η

)l ′+s′+ 3
2

. (3)

2.1.2. Expansion theorems for MSOs

Φ̄
α∗
nlm(ζ, �k)Φα

n′l ′m′(ζ, �k) = 1
4πζ 3/2

n+n′+1∑

N=1

N−1∑

L=0

L∑

M=−L

D̄αN L M
nlm,n′l ′m′Φ̄

α∗
N L M(ζ, �k), (4)

where

D̄αN L M
nlm,n′l ′m′ = 4πζ 3/2

∫
Φ̄

α∗
nlm(ζ, �k)Φα

n′l ′m′(ζ, �k)Φα
N L M(ζ, �k)d3�k (5a)

= (−1)(l−l ′−L)/2(2L + 1)1/2C L|M|(lm, l ′m′)AM
mm′ D̄αN L

nl,n′l ′, (5b)
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D̄αN L
nl,n′l ′ = 2l+l ′+L+2l!l ′!L!N̄α

nl Nα
n′l ′ N

α
N L

q−p∑

s=0

q ′−p′∑

s′=0

Q−P∑

S=0

(s − α + 1)!γ p
qs(s

′ + 1)!

×γ
p′

q ′s′(S + 1)!γ P
QS

×
∑

i

(−1/4)i Fi

(
1
2
(l + l ′ + L + 2)

) ∑

k

(−1)kdl+1,l ′+1,L+1
s−α+1,s′+1,S+1,k

×F1
2 (l+l ′+L)+s−α+s′+S+i−k+4

×
(

2
[

1
2
(l + l ′ + L) + s − α + s′ + S + i − k + 4

]
− 1

)
, (6)

where 0 � i � 1
2 (l + l ′ + L + 2) and 0 � k � E

(
s−α+1

2

)
+ E

(
s′+1

2

)
+ E

(
S+1

2

)
.

2.1.3. Expansion theorems for HSHs

Z̄α∗
nlm(ζ, βθϕ)Zα

n′l ′m′(ζ, βθϕ) = 1
4πζ 3/2

n+n′+1∑

N=1

N−1∑

L=0

L∑

M=−L

D̄αN L M
nlm,n′l ′m′ Z̄α∗

N L M(ζ, βθϕ)

(7)

where the expansion coefficients D̄αN L M
nlm,n′l ′m′ are determined by equations (5b) and

(6).

2.2. Addition theorems

2.2.1. Addition theorems for ETOs

Ψα
nlm(ζ, �r − �R) =

∞∑

n′=1

n′−1∑

l ′=0

l ′∑

m′=−l ′

a S̄α
n′l ′m′,nlm( �G)Ψα

n′l ′m′(ζ, �r). (8)

Here, the quantities a S̄α
nlm,n′l ′m′( �G) ≡ a S̄α

nlm,n′l ′m′(ζ, ζ ; �R) are the two-center over-
lap integrals with the same screening constants:

a S̄α
nlm,n′l ′m′(ζ, ζ ; �R) =

∫
Ψ̄

α∗
nlm(ζ, �r)Ψα

n′l ′m′(ζ, �r − �R)d3�r (9a)

=
√

4π

(2ζ )3/2

n+n′+1∑

N=1

N−1∑

L=0

L∑

M=−L

D̄αN L M
nlm,n′l ′m′Ψ̄

α
N L M(ζ, − �R) (9b)
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= G−αe−G/2
n+n′+1∑

N=1

N−1∑

L=0

L∑

M=−L

ĀαN L M
nlm,n′l ′m′ L P

Q(G)

×TL M(− �G), (9c)

where

ĀαN L M
nlm,n′l ′m′ = (2L + 1)1/2 N̄α

N L D̄αN L M
nlm,n′l ′m′ (10)

2.2.2. Addition theorems for MSOs

Φα
nlm(ζ, �k − �p) =

∞∑

n′=1

n′−1∑

l ′=0

l ′∑

m′=−l ′

b S̄α
n′l ′m′,nlm( �F)Φα

n′l ′m′(ζ, �k). (11)

The b Sα
nlm,n′l ′m′( �F) ≡ b Sα

nlm,n′l ′m′(ζ, ζ ; �p) occurring in equation (11) are the two-
center overlap integrals in momentum space:

b S̄α
nlm,n′l ′m′(ζ, ζ ; �p) =

∫
Φ̄

α∗
nlm(ζ, �k)Φα

n′l ′m′(ζ, �k − �p)d3�k (12a)

= 4π(2ζ )3/2
n+n′−1∑

N=1

N−1∑

L=0

L∑

M=−L

B̄αN L M
nlm,n′l ′m′Φ̄

α∗
N L M(2ζ, �p) (12b)

=
n+n′−1∑

N=1

N−1∑

L=0

L∑

M=−L

κ̄αN L M
nlm,n′l ′m′

Q−P∑

S=0

(S − α + 1)!

×γ P
QS(2x p)

L+S−α+3C L+1
S−α+1(x p)T̃L M( �F), (12c)

where

κ̄αN L M
nlm,n′l ′m′ = 2L(2L + 1)1/2L!N̄α

N L B̄αN L M
nlm,n′l ′m′ . (13)

2.2.3. Addition theorems for HSHs

Zα
nlm(ζ, βk′θk′ϕk′) =

∞∑

n′=1

n′−1∑

l ′=0

l ′∑

m′=−l ′

c S̄α
n′l ′m′,nlm( �F)Zα

n′l ′m′(ζ, βkθkϕk). (14)
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Here, the c S̄α
nlm,n′l ′m′( �F) ≡ c S̄α

nlm,n′l ′m′(ζ, ζ ; βpθpϕp) are the overlap integrals in
four-dimensional space:

c S̄α
nlm,n′l ′m′(ζ, ζ ; βpθpϕp) =

∫
Z̄α∗

nlm(ζ, βkθkϕk)Zα
n′l ′m′(ζ, βk′θk′ϕk′)dΩ (15a)

= 4π(2ζ )3/2
n+n′−1∑

N=1

N−1∑

L=0

L∑

M=−L

B̄αN L M
nlm,n′l ′m′

× Z̄α∗
N L M(2ζ, βpθpϕp) (15b)

=
n+n′−1∑

N=1

N−1∑

L=0

L∑

M=−L

κ̄αN L M
nlm,n′l ′m′

Q−P∑

S=0

(S − α + 1)!

×γ P
QS(2κ

p
4 )L+S−α+3C L+1

S−α+1(κ
p
4 )T̃L M( �F). (15c)

3. Use of expansion and addition theorems for ETOs in the evaluation
of overlap integrals over STOs

Using equations (9b) and (9c) for the overlap integrals between Ψα-ETOs
derived in this study with the help of expansion and addition theorems for
ETOs, one can establish the relations for the two-center overlap integrals of com-
plex or real STOs with the same screening constant which have the form

Snlm,n′l ′m′(ζ, ζ ; �R) =
∫

χ∗
nlm(ζ, �r)χn′l ′m′(ζ, �r − �R)d3�r , (16)

where �r = �ra, �r − �R = �rb, �R = �Rab and

χnlm(ζ, �r) = (2ζ )n+1/2

√
(2n)! rn−1eζr Slm(θ, ϕ). (17)

In order to evaluate the integral (16), we use the following relations between
STOs and ETOs:

χnlm(ζ, �r) =
n∑

µ=l+1

ω̄αl
nµΨα

µlm(ζ, �r), (18a)

Ψα
nlm (ζ, �r) =

n∑

µ=l+1

ωαl
nµχµlm (ζ, �r) , (18b)



I.I. Guseinov / On the unified treatment of complete orthonormal sets of functions 1029

χnlm(ζ, �r) = [[2 (n + α)]!/ (2n)!]1/2
n+α∑

µ=l+1

ω̄αl
n+αµ

(2µ)α
Ψ̄

α
µlm(ζ, �r), (19a)

Ψ̄nlm(ζ, �r) = (2n)α
n−α∑

µ=l+1−α

[(2µ)!/ [2 (µ + α)]!]1/2

×ωαl
nµ+αχµlm(ζ, �r). (19b)

See [2] for the exact definition of coefficients ωαl and ω̄αl .
Using equations (18a) and (19a) in (16) one gets the desired result,

Snlm,n′l ′m′( �G) = [[2 (n + α)]!/ (2n)!]1/2
n+α∑

µ=l+1

n′∑

µ′=l ′+1

1
(2µ)α

ω̄αl
n+αµω̄αl ′

n′µ′

×a S̄α
µlm,µ′l ′m′( �G). (20)

Now we take into account equations (18b) and (19b) in (9a). Then, we obtain
for the transformation of S̄α-overlap integral into S-integral the expression

a S̄α
nlm,n′l ′m′( �G) = (2n)α

n−α∑

µ=l+1−α

n′∑

µ′=l ′+1

[(2µ)!/ [2 (µ + α)]!]1/2 ωαl
nµ+αωαl ′

n′µ′

×Sµlm,µ′l ′m′( �G). (21)

The result of the calculation for the overlap integrals over STOs and the com-
parative values obtained from the literature [3] are represented in table 1.

As can be seen from equation (20), the two-center overlap integrals with
the same screening parameters of STOs are expressed in terms of overlap inte-
grals between complete orthonormal sets of ETOs by the finite linear combina-
tions. It is well known that the two-center overlap integrals of STOs with the
same screening constant can be utilized as a basis in the calculation of multi-
center integrals over exponential type orbitals which play a significant role in the
theory and application to quantum mechanics of atoms, molecules and solids [4].
Thus, the formulas presented in this paper for two-center overlap integrals can be
used in the evaluation of multicenter integrals over STO and ETO basis func-
tions. We notice that, with the help of expansion and one-range addition the-
orems for the complete orthonormal sets of ETOs, Φα-MSOs, Zα-HSHs, and
STOs obtained in our works, the arbitrary multicenter integrals arising in coor-
dinate, momentum, and four-dimensional spaces can be reduced to the overlap
integrals with the same screening constant of Ψα-ETOs, Φα-MSOs, Zα-HSHs,
and STOs.
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